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Theory of Surface Tension in Liquid
Mixtures

A. B. BHATIA+ N. H. MARCH, and M. P. TOSI}

Theoretical Chemistry Department, University of Oxford,
1 South Parks Road, Oxford OX1 3TG. England

(Received October 22, 1979)

Equations determining the density profiles of a multicomponent liquid are first given in terms
of the partial direct correlation functions in the presence of the surface. The fluctuation theory
of surface tension is also generalized to liquid mixtures.

The density gradient procedure simplifies the above problem to knowledge of direct correla-
tion functions in the bulk mixture. For the binary case, the density profile equations are then
usefully written in terms of number-concentration correlation functions. The total density and
surface segregation profiles are finally considered in a simplified model by utilizing the theory
of conformal solutions. Such a model, though limited in practice, should apply, for example,
to the Na-K alloy system.

1 INTRODUCTION

Two of us! have recently developed a phenomenological theory of the surface
tension ¢ of a liquid binary alloy in terms of the alloy isothermal com-
pressibility, the liquid surface thickness, the concentration fluctuations and a
size factor.

In the present paper, we set out fully a first principles theory of the density
profiles in a multicomponent system in terms of the partial direct correlation
functions ¢;; in the presence of a planar surface. This is discussed in section 2
below while in section 3 the surface tension of liquid mixtures is calculated.

Unfortunately, in practice, the required information on the partial direct
correlation functions is unlikely to become available for some time yet.
Therefore, in section 4, the simplified density profile equations resulting from
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a density gradient expansion?-? are expressed, for binary mixtures, in terms of
number-concentration correlation functions. The relation to the pheno-
menology of Bhatia and March® is thereby established.

Finally, in section 5, the explicit form of these density profile equations is
developed for the model of conformal solutions. Though this model is limited
to systems where the size factor is not too large, it should apply to a liquid
Na-K alloy, for example.

2 DENSITY PROFILE EQUATIONS IN TERMS OF DIRECT
CORRELATION FUNCTIONS IN PRESENCE OF SURFACE

We first give below the argument of Lovett, Mou and Buff,* generalized to
multicomponent mixtures, for the equations determining the density profiles.

Let u(r) denote the dimensionless one-body potential per particle for
species i

ur) = B — ULr); B = (ky 7)™ 1)

Here U(r) is the external potential for species i, while ; is its chemical
potential.

The system is considered to be open and at constant V¥ and T. The single
particle densities are then

pir) = {pdr)> (22)

where (- -- ) denotes the ensemble average as usual.

Given all the u{(r), the various p {r) are uniquely determined and vice-versa,
at given V and T. Hence the quantities u,(r) can be regarded as functionals of
the various p(r) and vice versa. One has then

opi(r)
ougr’)

= PPy — pLr)> LY 23)

and
ou(r) . o(r—r)
501~ o)
c;{r,r') being the direct correlation functions already mentioned above. If
u,(r) is written as

—cifr,r) = Kifr, 1), (24)

u(r) = In(p(r)A?) — C(r) (2.5
where A; = h(2nm;kz T)™ /2, then
O0C{(r)

T 2.6
S04r) @9

Cij(r) r,) =
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Now denoting the functional dependence of the quantity u; by

ulry, [pa(r), p2(r) -+ - p,(r)]) = uy(r,) say (2.7)
then translational invariance implies:
ury, [oa(r +0)---pu(r + 1) = ulr, + 9). (2.8)

Hence we find

v 5 X
wtrs + 0 = ur) = % [r T e 8 gy + -

Taking the limit é — 0 yields

, 6
Vu(r,) = Z “'((’r‘)) Vo[r) (2.9)
= Z der,-J(rl,r)Vpl(r) (2.10)
i=1

where in Eq. (2.10) we have used Eq. (2.4).
Ifthe external potential is now reduced to zero, i.e. Vu(r) = 0,then Eq.(2.10)
becomes

Y [&r Kifri ¥of) = 0 e
=1
or using Eq. (2.4)
V v
pp(lf,rl;) Zl d3r clj(rb r)ij(r) (212)

These then are the basic equations determining the density profiles, the
partial direct correlation functions c;;being those in the presence of the surface.

3 SURFACE TENSION OF MIXTURES

Knowing the density profile and direct correlation function in a one-com-
ponent liquid, the surface tension can be determined from a formula associated
withthenames of Yvonand of Triezenbergand Zwanzig® (TZ) Theequivalence
of this formula, for a liquid with pair interaction potentials, to the well known
theory of Kirkwood and Buff® has recently been established by Schofield.”
The generalization of the TZ argument to liquid mixtures is given below.

To calculate the surface energy and surface tension, consider that the
equilibrium profiles p; have gradient along the x-axis. Then the total energy
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depends on the cross-sectional area of the fluid perpendicular to the x-axis.
We focus attention on that surface which satisfies Gibbs equimolar criteria
with respect to the species i and locate the origin of the Gibbs surface at
(0, y, 2). Then, if we take the system in the form of a cylinder of basal area a,
we can write, for extension a from the Gibbs surface in phase I and extension b
similarly in phase II:

b
do f p(x)dx = aolapt + bpl] = N 3.1)

where p! and p! are the densities of species i in the bulk phases I and II.
Let us write r for the two dimensional vector r(y, z). Now if there is a small
fluctuation in the various p{x),j = 1,2, 3, ..., v, so that

pfx) = pAx) + Apfr, x) (3.2)
and such that

prJ(r, x)d?*rdx =0 forallj (3.3)

then the change in the Helmholtz free energy A is
AA = 'Zl_kBT Z pri(rlxl)Apj(rzxz)Kij(rlxl, r; xz)dz"l dz"z dx, dx,
ij

(3.4)

We now Fourier analyze Ap; as
Apfryx;) = Y pAg, xx)explig - r2) (3.5)
q

and remembering that K;(r,, x;, 2, x,) = K;{0, x,,r; — ry, x;) we define
Ki](qv xlxz) = fKij(07 Xy, ¥ =Ty, x2)e+iq'(,1_n) d2(r2 - rl)- (36)

From a direct generalization of the TZ argument we have, using (2.4),

o(x; — X3)

Ki;(q, X1X;) = 5.‘j p(x,)
iy

- El'j(q! X1X2) 3.7
with

g, x,x,) = fCiJ(O, X1, T, Xp)e' 0" d?r. (3.8)



08: 54 28 January 2011

Downl oaded At:

SURFACE TENSION IN LIQUID MIXTURES 233
Substituting (3.5) and (3.8) in (3.4) we then find

A4 = kl‘ao kT Z Z P?(qxl)PJ(qxz)Ku(q, X1X;)dx, dx,. (3.9)

ijq
In this (quadratic approximation for AA4) there is no mixing of different g, and
we can consider the fluctuation of each g separately.

For small q
Kij(q, X)Xp) = KS?)(xle) + quff’(leCz) + o (3.10)
O(xy — x3)
K!9)=5.,;_J, =0, 2 _
ij ij 0.(x1) Cu‘(’l xy, rx )d%r (3.11)
K{P(xix3) = % f cifr =0, xy, 1, x)r? d?r (3.12)

and (3.9) becomes (omitting the sum over gq)

A = Jaoks TS, [ pHax)p fax K (xrx,)dx, dxy
ij

+ dagks Tq? Z fpf(qxl)p,(qxz)Kgf)(x1x2)dx1dx2
ij

L. (3.13)

Now because of the fluctuation Ap(r, x) in the density of species i, the location
of the Gibbs surface also fluctuates. If x4(r) is the shift in the Gibbs surface atr
we have

-
[ o0 + 806, 3010x = Lo+ xo1ot + [ — o011
or
b
[ 804 985 = %o 0ot = 017 = Apixaln)
Thus
xo(r) = A—p—l f pi(r, x)dx (3.149)

where Ap; = p! — plL.
The area of the new surface is

a=a,+3% J‘derV,xo(r)I2 (3.15)

where the integral is over the original area a,.
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With the Fourier expanison
xo(r) = Y. xo(q)explig - r) (3.16)
q
we can write

1
xo@) = 3~ j P, x)dx (317)

The change in area due to fluctuation is thus
a—ao=1a, Z qzlxo_(q)l2 (3.18)
q

or for fluctuation of Ap,(r, x) of a given ¢

a—apg= %aoqzlxo(q)lz (3.19)

One can in principle determine p{g, x) by minimizing (3.13) with respect to
them, subject to a given change in the area of the surface, i.e. (3.19). According
to TZ, this gives the same result as their heuristic procedure for a one-
component system.

We follow the heuristic procedure again below for the multicomponent
case. Consider that a small fluctuation x,(g) in the surface has occurred. For
small g, this amounts to virtually a vertical shift. Then it is not unreasonable to
suppose that the density profiles are all bodily shifted: i.e.

pAX) = pfx — xo(q)) forallj
and hence

dp,(x)

pAx, q) = xo(q) + 0((x0(q))?). (3:20)

Substituting (3.20) in (3.13) we then obtain

dp; d
AA = %aokBTle(Q)lz{Z Jdp dp, K{P(xx,)dx; dx,
7 X,

d
+3 ¢ f Pi p’ L KiPCx ), dx + } (3.21)
ij
In the limit ¢ - 0 Aa — 0 and AA = 0. In other words we must have

dp; dp;
izj J\d.x1 dx ; K(O)(x1x2)dx1 dxz =0

or

d—fl ( f Yok Kf?«xlxz)dxz)dxl =0 (3.22)
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Sufficient conditions for (3.22) to be true are
Z fdpj K®(x,x,)dx, =0 foreachi(=1,2---v). (3.23)
These v-equations are just the equations (2.12) for determining density

profiles. Substituting the result (3.22) in (3.21), using (3.19) and noting that
surface tension ¢ is given by

AA
= 3.24
(@ — ap) ( )
we have
c=kyTY, J:p' :p’ K{P(x;x,)dx, dx, (3.25)
T X2

which is the desired generalization of the TZ formula to multi-component
mixtures. The same result can also be obtained by generalizing the one-
component treatment based on the pressure difference across a curved surface,®
but we shall not go into details here.

4 DENSITY GRADIENT FORM OF PROFILE EQUATIONS

Though the density profile equations given in Eq. (2.12) are formally exact, it
has been stressed that they require knowledge of the direct correlation func-
tions in the presence of the surface. In the absence of such information, we
turn to the density gradient expansion which leads to simplified Euler
equations for the density profiles.>-?

These may be written in terms of chemical potentials yu, and y, as

#y = palp1(x), p2(x)] + F,
and (4.1)

U2 = Ua[p1(x), p2(X)] + F,

Here p,(x) and p,(x) are the density profiles through the surface of com-
ponents 1 and 2,asabove, while F, and F, are given by, with spatial derivatives
denoted by p| etc.,

104 04
2 11 ' 11
( l) < apl) plp2 apz

2 %p, - “"’) (p141: + P2 A12) 4.2)
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and

+3(p 2)2 — (p1A12 + P2 A22). 4.3)

Finally, the quantities 4 ;; are given by
kg T
A= BT Jd3r rie;{r{p}) (4.4)

where ¢;; are bulk direct correlation functions.
Following Bhatia and Thornton,? it is helpful to work with the number N
and concentration c direct correlation functions which we shall define through

cnn(k) = afey (k) + ajcaa(k) + 2a,a,, (k)
cnelk) = oyayfaycy (k) — ayca(k) + (@ — 2y)cy (k)]

and
c. (k) = afrx%[c“(k) + c35(k) — 2¢,,(k)] (4.5)

Consistent with the above, we shall also work with the total density p(x) =
p1(x) + p,(x) and with the quantity, concentration ¢; and ¢, (=1 - ¢y),

A(x) = ¢2p1(x) — €19(x) (4.6)

which is a rather direct measure of the surface segregation (a; = p,/p,
a, + oy = 1).

Using these quantities, we rewrite the Euler equations (4.1) in terms of
Axn, Anc and Agc defined as

Any = 34y, + 2010345, + 5 A,
2

d
- l k dk2 CNN(k)

Anc = 1Ay — c2 A3, + (Cz —¢)A;

1 kyT d?

T T2 w0 dk2 C"C(k)

4o @.7)

=0

+ - (4.8)

=0

Acc = Ay — 24,5 + Ay

1 kgT @2

= Ccc(k)

4
T2 aled dk? (49)

=0
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Then the Euler equations take the form

W (p(x), A(x)) " v _ LO0AnN
01#14‘02#2:W—A~NP — AncA _EWNNPZ
aANN PAT laACC aANC 2
A p'A + (2 —ap ~ A A (4.10)
and
_ aw(P(X), A(X)) "o_ " a‘ANC 1 a‘4NN 12
Hy — Ha = 3A(x) Ancp AccA W 3 A p
04 104 @10
_ cC A — Z cC A,z
ap 7% T 27A

Multiplying the first equation by p'(x) and the second by A’(x) and summing
we find

d , A
(101 + Capa)p’ + (g — p2)A" = M%ﬂ

1 d t ! 4 !
~3dxe [Annp'® + 2Ancp' D + Acc D).

4.12)
This can be integrated to give the constant pressure P through the interface as

P = (cpy + cam)p(x) + (1 — 12)A(x) — Y(p(x), A(x))
+ 3[Annp? + 2A5cp' A + AccAF] (4.13)

For prescribed chemical potentials y; and p,, Eqs. (4.10) and (4.11) must be
solved simultaneously to determine the total density profile p(x) and the
surface segregation profile A(x). Substitution of these profiles in Eq. (4.13)
then leads to the pressure P.

Since the Helmholtz free energy density y(x) can be written® as

W(x) = Y(p(x), A(x)) + HAnn 0" + 2AncP' N + AccA?]  (4.14)

it follows from the fact that the total Helmholtz free energy is
Z#iNi - PV + O'ao (4.15)
that the surface tension is given by?

b
0 = J dx[ANNplz + 2ANCp,AI + AccAlz]. (416)
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It should be noted that if A(x) = 0, the first Euler equation reduces to that
of a one-component liquid, which will be exploited below.

Furthermore, the approximation F, = F, in Egs. (4.1), which leads back?
to the phenomenology of Bhatia and March,! can be seen from Eq. (4.11) to
involve putting A yc and 04 yy/0A to zero in that equation, and A to zero in all
but the first term on the right hand side.

5 MODEL OF CONFORMAL SOLUTIONS

Equations (4.10)—(4.12) take us as far as we can proceed generally with the
density gradient theory of the surface segregation, which we can take to be
the problem of determining A(x).

However, we shall see below that further progress can be made if we intro-
duce into the density gradient theory the model of conformal solutions. This
model assumes the existence of a monatomic reference liquid, with atoms
interacting via a pair potential ¢(r). The alloy pair potentials are then gener-
ated by

i (r) = a;j$(;r) (5.1)

and the basic assumption of the theory is that the deviations of g;;and 4;; from
unity are small. This allows perturbation theory based on the properties of
the reference liquid as the unperturbed problem to be applied. The thermo-
dynamic properties of conformal solutions are discussed fully by Longuet-
Higgins.'® The structural properties of a conformal solution are also
known.!112

5.1 Scaling of density profile and surface tension in a
one-component liquid

Before going on to discuss the two-component liquid, our main interest here,
let us consider what happens to the density profile of a one-component liquid
when the pair potential ¢(r) is changed to a¢(Ar).

We can use the scaling property of the pair correlation function!® to go from
a bulk direct correlation function in the reference liquid, say cq(r, T, p, 2), z
being the fugacity, to a new form cq(Ar; aB, A~ 3p, a®?z) under scaling of ¢(r).
One has also to use the scaling property of the chemical potential, first given
by Longuet-Higgins as'°

3
(B, p) = aug(aP, A~%p) + B In 4. (5.2)
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From the Euler equation of the density gradient method it is easy to verify
that the density profile scales as

p(x) = Apo(Ax; aP, A7 3p, a*?z), (5.3)

the subscript zero always indicating the reference liquid property. Therefore
the surface tension is given by

o(B, p, z) = arloy(aB, A~ 3p, a*2). (5.4)

We should note that, from a corresponding states argument, Guggenheim!3
had anticipated a result of this form.

It is worth noting that, for a liquid alloy with arbitrary g;; and 4;;, the
assumption that A(x) is small would allow an approximation to the total
density profile p(x, ¢) in terms of the reference liquid profile py(x; B, p, 2) in
Eq. (5.3). As will emerge in detail below, the natural scaling parameters are
then the concentration dependent forms

a=1+ Zc,-cj(aij - 1) (5.5)
i

and
A=1+Y cicfdy— 1) (5.6)
ij

However, in this situation we caution that the use of Eq. (5.4) with a and A
chosen as in (5.5) and (5.6) will not yield a complete description of the
concentration dependence of ¢ because of terms of the same order which will
arise from the surface segregation profile A(x). Therefore, using eqs (5.4)-
(5.6) might be viewed as merely a relatively rough interpolation between the
pure liquid surface tensions.

5.2 Euler equations for conformal solutions

We summarize in Appendix 1 the results we need in order to write expressions
for the quantities Ayy, Ayc and A appearing in the Euler egs. (4.10) and
(4.11) for the specific model of conformal solutions. These expressions are
Aw=A+@—-1DF +@A-1)F - 2AAp)Axc — (8/p)* dF,
Anc = —(ancH, + AycH3) — (A/p) dF, (5.7)
ACC = d‘@c
where the concentration dependence has been made explicit through

ane = Way; — %3dy; + (@ — ay)ag,

Ave = H A1 — 422) (5.8)
and
d =2ay, — a;; — a
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together with Eqgs. (5.5) and (5.6). The other quantities in Eq. (5.7), which are
functions only of the density, are defined in Appendix 1. Of course, when we
use this model to calculate surface tension in the density gradient framework,
the constant densities and concentrations appearing above become functions
of position. In particular, we have explicitly

A(x)d

and{x) = ayc — 00 (5.9)
o 2A(x) _ A%(x)d
a(x)—l—a—l+p—0cTa~C—W (510)
and
M) —1=1—1+28, (5.11)

p(x)

where g etc refer to the bulk concentrations. Here we have used!® 4,, =
HA + Az).

To the extent that the parameters a;; — 1 and A; — 1 are small, as is
assumed in conformal solution theory, there are two types of parameter. In
the first group are @ — 1 and A4 — 1 while in the second are @yc, Axc and d.
Basically the first group determine the variation of the total density profile
p(x) from the reference liquid in lowest order, while the second group deter-
mine the surface segregation A(x) which is first order in these parameters. The
detailed equations are lengthy and since they are differential equations which
cannot be integrated generally we shall restrict ourselves to exhibiting their
structure.

As discussed above for arbitrary a;; and 4;; again the total density profile is
given in lowest order by scaling the reference liquid profile using Eqs. (5.3),
(5.5) and (5.6). The same qualifications made above apply to the surface
tension obtained in this approximation as can be made more explicit by
calculating do/dc in the alloy. The concentration dependence from the scaled
form (5.4) is fully determined by the parameters @ and 4 whose concentration
derivatives are proportional to @y and Ay respectively. If these quantities are
different from zero, A(x) would not be zero and hence it can be seen that
A(x)would contribute terms of the same order as those from the scaled reference
liquid to the concentration dependence of the surface tension.

Of course, an objective of conformal solution theory must be to allow A(x)
to be calculated. To do so, we must return to the Euler Eq. (4.11), and examine
its dependence on the small parameters of the conformal solution model.
As the parameters of the second group introduced above, namely @y, Ayc and
d are allowed to go to zero, A(x) must clearly tend to zero. But in Eq. (4.11).
there are individual terms which are an order of magnitude larger than those
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depending explicitly on A. Clearly all terms of this order must cancel, leaving
a second-order linear differential equation to be solved for A. This equation
reads

d
dx
where the quantity on the right-hand side is the second-order term of the

quantity inside the brackets after expansion in the small parameters of the
conformal solution model. Here G is given by

o 10 (e, A)
(4A>+G(p(x»A—a[ul b= s ] (5.12)

” '2 ’2
G= J-d)(r)go(r, pdr+ B, g+ 52 513
P p P
While we think it of interest that Eq. (5.12) is eventually examined by
numerical methods, we caution that the conformal solution calculation of 4 vy
etc may have to be taken to second-order in the small parameters to be totally

consistent.

6 DISCUSSION AND SUMMARY

While a formally exact theory of surface scgregatlon has been presented via
the Euler egs. (2.12), to implement this requires knowledge of the partial direct
correlation functions in the presence of the surface; information not currently
available.

Therefore, we have utilized a density gradient expansion of the Euler
equations, which in terms of number-concentration correlation functions
leads to the forms (4 10)and (4.11). These determine the total density p(x) and
the surface segregation profile A(x). But even their sofution currently presents
formidable difficulties and in particular requires know]edge of the bulk direct
correlation functions ¢;; for all bulk densities from the liquid values to those of
vapour.

To make further progress, pair potentlal interactions in the liquid allpy
have been assumed which scale from a monatomic reference liquid. It can
then be demonstrated that the total density profile p(x) is well described by
concentration dependent scaling of the {cferencc liquid profile, provided A is
small compared with p. Even under the same conditions, A contributes
significantly to the concentration dcpendence of the surface tension.

Fma]ly, the simplification of this scaled potential model afforded by
conformal solution theory is shown to lead to a linear second-order differential
cquatlon for A(x). It would be of interest if this equation could be solved ; we
expect the conformal solution assumptions, though rather restrictive, to apply
to the Na-K liquid alloy system.
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Appendix 1

Kernels of surface tension formula for conformal solutions in the
density gradient framework

We use the results of Parrinello et al.'! to construct the partial structure
factors of a conformal solution in the number-concentration representation.’
The results can be written (a, = p,(x)/p, a2, =1 — a)

Snn(k) = So(k) + (a — D fik) + (4 — D f>(k) (AL1)

Snctk) = —oya;[anchy(k) + Anchay(k)] (Al2)
and

Scc(k) = aya, + a?al dfi(k). (AL3)

The definitions of g, 4, ayc, Ayc and d have been given already in the main text.
while So(k) is the structure factor of the reference liquid. The other functions
F,, ¥,, #., H, and H, in Eqgs. (5.7) are the Fourier transforms of the



Downl oaded At: 08:54 28 January 2011

SURFACE TENSION IN LIQUID MIXTURES 243

following properties of the reference liquid

_ 2990(r) 3p 0g,(r)
4 oP| a
fir) =r g;r(') ~3p 6_;) ,, —ga"}(,r) ﬂ (ALS)

hy(r) = B [¢(r)go(r) +p jds ¢(s)(gs(r, s) — go(r)go(S)):, (AL6)

0
ha0) = ] 5 00+ 0 [ 05552 0s0:9) ~ au) | AL

and
Jr) = Bd(r)go(r). (A18)

Here g,(r) is the radial distribution function of the reference liquid, while g, is
the three-atom correlation function.

We also require the Pearson-Rushbrooke relations between the N-C direct
correlation functions and the partial structure factors. These are

SCC
=1— —— )
penn(k) SirSe — 53 (AL9)
a0 Sne
enclk) = ——— 5 Al1.10
penck) SwnScc = Sic ( )
and
peectk) = “1“2[1 - Mﬁ‘] (AL.LD)
SNNSCC - SNC
To leading order, the explicit results for conformal solutions are
(a - 1Dfitk) (4= 1frk)
k) = colk . Al12
penn(k) = co(k) + 0) 0 ( )
hy(k) hz(k)]
k) = —omo| ane o5 + Ane =—— Al.13
penclk) 1 z[ NC So(k) NC So(k) ( )
and
peectk) = ajes d fi(k). (A1.14)

The equations for Ayy etc in the main text follow immediately using Egs.
4.7)-(4.9).
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The following abbreviations have been used in writing (5.7):

_ lkBT d2 lkBT d2 fl(k)
A—_ETdszo(k) F,= ET&P(%)
_ _LkgT d? [ fo(k) _ 1kgT d? [(hy(k)
T, e (So(k>> =T @ (So(k))
_ VkgT d? (hy(k) 1k T &2
= 57@’(80&)) =37, agt e

all derivatives being evaluated at k = 0.



